The nature of orbital ordering and type of the Jahn-Teller (JT) distortion in the doped manganite La 0.5 Sr 1.5 MnO 4 has been a topic of long standing debate, with both experiments and theory supporting opposite views. With the help of ab initio density functional and exact diagonalization studies we have investigated the energetics of the cooperative JT distortion and orbital ordering in this system. The density functional calculations yield a x 2 − 1/y 2 − 1 (rod-type) orbital order as well as a Jahn-Teller distortion where the octahedral axes on the plane are elongated along the chain direction and compressed perpendicular to it in the ab plane (type I). The essential physics of the problem is captured by a single zigzag chain model, which was studied with a tight-binding Hamiltonian and exact diagonalization on a finite chain, which help unravel the reason for the rod-type orbital order. The main conclusions from the latter studies are that: (i) The Coulomb correlation effects are relatively unimportant due to the low electron density in the e g states, (ii) the kinetic energy term (hopping along the ferromagnetic zigzag chain) favors the rod-type orbital order, and (iii) a significant noncubic crystal field, proposed earlier and found here from our DFT calculations, helps stabilize the rod-type orbital order even further.
I. INTRODUCTION
Transition metal atoms such as Mn or Cu may become JahnTeller active in crystalline oxides if the degenerate e g states of these ions are singly occupied. The materials then exhibit a complex interplay between spin, charge, orbital, and lattice degrees of freedom which manifests in unusual physical properties such as high temperature superconductivity, colossal magnetoresistance, and magnetostructural transitions.
1,2 The layered manganite La 1−x Sr 1+x MnO 4 is an example of such competition, 3 which for commensurate doping levels (i.e., x = 1 2 ) forms an insulating phase with crystallographically equivalent Mn sites, with an average valency of 3.5 at room temperature. Upon cooling, it displays a phase transition at ≈240 K, below which charge ordering makes the Mn sites inequivalent with a checkerboard arrangement of Mn 3+ and Mn 4+ sites. 4 Presence of strong Hund's coupling and cubic crystal field means that three of the four electrons (d 4 ) at the Mn 3+ site goes to the three t 2g↑ levels (3/2 core moment) and one to the degenerate e g↑ . The system can gain energy by lifting the degeneracy of the e g levels through cooperative JT distortions of the surrounding oxygen octahedra, which has been observed experimentally. 3, 5 At further lower temperatures (T N ≈ 110 K) magnetic order develops in which Mn spins form ferromagnetic zigzag chains on the ab plane, coupled antiferromagnetically to each other, known as the CE phase. 4 However, the type of orbital order and JT distortion present in La 0.5 Sr 1.5 MnO 4 is still a matter of considerable debate. The bridge site atom is nominally Mn 3+ and is therefore expected to be a JT ion (labeled A in Fig. 1 ), while the corner site atom (labeled B in the same figure) is not JT active because of its nominal chemical valence of Mn 4+ . In one of the earliest studies, using neutron scattering Sternlieb et al. 4 predicted the Jahn-Teller distortions to be of breathing type, where all Mn-O bond lengths expand from their high temperature values. However, later theoretical calculations 6 and x-ray scattering experiments 3 found the distortions to be shear type, with longer Mn-O bonds along the ferromagnetic chain and shorter ones perpendicular to it (called type 1 henceforth) as in Fig. 2 (a). In contrast, single crystal neutron diffraction data 5 supported the opposite kind of distortions: short bonds along the chain and long bonds perpendicular to it (type 2) as shown in Fig. 2(b) .
Turning now to the orbital order, it was believed to be x 2 − 1/y 2 − 1 (rod-type) at the Mn 3+ site by earlier studies, 3, 6 while subsequent x-ray absorption 7 and resonant x-ray scattering 8 measurements supported the
(cross-type) ordering (Fig. 3) . Hartree-Fock calculations 9 also found the cross-type ordering to be preferred under certain octahedral distortions. But, soft x-ray resonant diffraction measurements along with cluster many-body calculations 10 found the rod-type ordering fits experiments better, which is also supported by more recent x-ray absorption and density functional theory (DFT) based calculations. 11 In a recent paper, using a model Hamiltonian, Sboychakov et al. 12 found that a noncubic crystal field, originating from higher neighbors in the crystal, can affect the orbital order quite strongly and in principle produce a different orbital orientation than what the local JT distortion might suggest based on the isolated octahedron physics.
The role of the Coulomb correlation on the orbital order has also been a topic of discussion. The earlier DFT calculations 6 that predicted rod-type orbital order have been criticized by Huang et al. 7 for not including the Coulomb correlation effects, who found that within the LDA + U or Hartree-Fock methods, a cross-type orbital order emerges. However, similar LDA + U calculations by Wu et al. 11 found the opposite, viz., that the rod-type orbital order is favored irrespective of the magnitude of U . Thus the role of the Coulomb interaction in determining the orbital order and also the mechanism for stabilizing the rod-type orbital order remains unclear and controversial.
To address these questions we report the results of our exact diagonalization and density-functional (DFT) studies. Our key results may be summarized as follows: (i) The densityfunctional calculations with full structural optimization yields (ii) We find that the key physics may be described by an electronic Hamiltonian on a single ferromagnetic zigzag chain, which we study by exact diagonalization. (iii) The exact diagonalization results show the relative unimportance of the Coulomb correlation due to the low band filling (one half electron per site in the Mn e g ↑ bands, i.e., quarter filling) and yield the rod-type orbital order, consistent with the DFT results. (iv) We find the rod-type orbital order to be favored by a strong kinetic energy term due to hopping along the zigzag chain. (v) Finally, we find from DFT calculations that a significant noncubic crystal field proposed in Ref. 12 exists, which further stabilizes the rod-type orbital order.
II. DENSITY FUNCTIONAL STUDIES
Crystal Structure-La 0.5 Sr 1.5 MnO 4 is a layered manganite that crystallizes in the orthorhombic space group I 4/mmm with two MnO 2 layers per unit cell. 13 The competition between hopping of e g electrons and superexchange between the manganese t 2g core spins, combined with the orbital degeneracy leads to the formation of the magnetic CE phase: a checkerboard arrangement of formally Mn 3+ (t DFT Method-First-principles density functional theory calculations were performed using the Vienna ab initio simulation package, 14, 15 within the projector augmented wave method. We used the generalized gradient approximation (GGA) 16 with a plane wave energy cutoff of 450 eV and k-space sampling on a 4 × 4 × 4 Monkhorst-Pack grid. All structural relaxations were carried out till Hellman-Feynman forces became less than 0.01 eV/Å. To study La 0.5 Sr 1.5 MnO 4 , a simulation cell 4 × 4 × 1 times the crystallographic unit cell was used, containing 16 molecules of Sr 2 MnO 4 doped with 1/2 electron per molecule. A uniform positive background makes the supercell neutral. The additional electrons reside at the Mn 3+ sites as expected. We also repeated the calculations using virtual atoms with valence atomic number 10.25 (0.25Z La + 0.75Z Sr ) with the QUANTUM-ESPRESSO package. 17 In both calculations the main results remained unchanged. We also repeated our calculations with an onsite repulsion term with the GGA + U method, which was suggested to affect the orbital ordering. 7 However, for reasonable values of U (5 eV) at Mn-d site, we find our conclusions to be qualitatively unchanged. This is expected, because the e g states are sparsely occupied (1/2 electron per site), so that the Coulomb correlation is weaker, a result that was further confirmed from the exact diagonalization calculations for a zigzag chain as discussed later. Results-For the structural optimization we started with the undistorted structure with the experimental lattice parameters and performed a global optimization of the ionic coordinates and the cell parameters. The relaxed volume was found to be V 0 = 98.5Å 3 per formula unit (f.u.) which is higher than the experimental value of 92.6Å 3 /f.u. 13 as expected from GGA calculations. The lattice parameters for the relaxed structure are a = b = 11.2Å and c = 12.6Å. We fixed this volume for all subsequent calculations at the calculated value V 0 .
When the ionic positions are relaxed, we find the oxygen octahedra around the Mn 3+ site to undergo a JT distortion. The resultant distortions are of type 1, as shown in Fig The Q 3 mode describes the stretching (for Q 3 > 0) of the MnO 6 octahedron in the z direction along with the compression in the x and y directions, while Q 2 mode describes the stretching (for Q 2 > 0) in the x direction and compression in the y direction of the octahedron as shown in the lower panel of Fig. 2 . In both cases the volume of the octahedron does not change. Together they can represent the experimentally debated JT distortion in this system. In terms of the out-of-plane Mn-O bond length (d O ) and inplane long (d L ) and short (d S ) Mn-O bonds, we can write
In the case of Fig. 2(a) , the longest in-plane bond length d L is along the direction connecting ferromagnetic Mn, while for Fig. 2(b) it is perpendicular to the chain. Our calculated bond lengths from the DFT optimization mentioned above corresponds to the JT distortions of Q 2 = 0.14Å and Q 3 = 0.02Å, so that the net magnitude is Q ≡ √ Q Note that due to the zigzag nature of the ferromagnetic chain, the sign of the Q 2 mode alternates between successive A sites on the chain, while the orbital order alternates between x 2 − 1 and y 2 − 1 as indicated from Figs. 2 and 3. For clarity of discussion we concentrate on one of the Mn atoms: The site marked as A in Fig. 1 where the type 1 distortion corresponds to a positive Q 2 and the rod-type orbital ordering corresponds to the |x 2 − 1 orbital. To study the energetics of the proposed type 2 structure of Refs. 5 and 11, with the JT distortion Q 2 = −0.09 and Q 3 = 0.06Å, we computed its total energy, which came out to be higher by about 110 meV/Mn. Upon relaxation this structure also deformed to the configuration obtained in our previous calculation, viz., to the type 1 structure, confirming that the latter structure is more stable.
We find that the type of the JT distortion as well as the orbital order are quite robust and largely unaffected by a strain along the c axis. The calculated energy as a function of the in-plane distortion Q 2 (with fixed Q 3 , which is directly related to the c-axis strain) is shown in Fig. 4 . For the unstrained structure corresponding to Q 3 = 0.12Å, the minimum in energy is at Q 2 = 0.14Å. Elongation of the c axis (Q 3 = 0.54Å) makes the minimum shallower but does not alter its position, while compression (Q 3 = −0.4Å) moves it closer to Q 2 = 0 but the minimum still remains on the positive side. The orbital order corresponding to the energy minimum was also found to be the rod type in each of the cases. Thus the JT distortion as well as the orbital order are both robust and do not change significantly with the external strain.
The calculated DFT band structure is consistent with the nominal chemical valence Mn 3+ (t careful, quantitative analysis shows the distribution of the e g electrons between the A and the B sites to be roughly 2:1, 18 so that the occupied e g electron has the predominant A site (bridge site) character. It may be noted that GGA+U calculations will enhance this charge disproportionation ( n), because U favor the singly occupied bridge sites, as can be seen from our exact diagonalization results presented in Fig. 9 . In Fig. 5 the e 1 g ↑ is further split into two peaks due to hybridization between the two Mn sites on the zigzag chain.
To understand the orbital ordering, the charge density ρ(r) = 2 1 |ψ(r, )| 2 d was computed by integration over the energy window spanning the occupied e g states as indicated in Fig. 5 . The results shown in Fig. 6 indicate that the orbital order at the bridge site is rod type and that this does not change whether we have a relaxed or unrelaxed structure. The charge density isosurfaces at the bridge sites are clearly seen to have the |z 2 − 1 symmetry with the z axis pointed along the zigzag chain, while the surfaces at the corner sites are made of a superposition of both e g orbitals. The figure also shows the hybridization of the e g states with the in-plane oxygen atoms. The orbital order remains more or less the same in the relaxed structure which has a much stronger JT distortion as compared to the unrelaxed structure. In fact, Fig. 7 shows that the rod-type orbital order is preferred over the cross-type order irrespective of the JT distortion. As confirmed from the model studies presented below, it is the kinetic energy term that favors the rod-type order, which is largely unaffected by the distortion of the oxygen octahedra found around the bridge site.
III. TIGHT-BINDING MODEL
To understand the competition between the orbital orientation and the JT distortion, we consider the minimal model of a single ferromagnetic zigzag chain of Mn atoms, which is well known to describe the basic physics in the half-doped manganite materials with CE magnetic structure. 12, 18 Since (Color online) Change of orbital occupancy of the bridgesite atom with JT distortion and the corresponding total energy as obtained from the density-functional calculations. The rod-type orbital order is preferred over the cross-type order irrespective of the JT distortion angle θ ≡ tan −1 (Q 2 /Q 3 ). The vertical dashed line corresponds to the minimum energy structure, which has the rod-type orbital order and the type 1 JT distortion (θ ≈ 90
• ). Notice the similarity of the results with Fig. 8 , which reveals the effect of the noncubic crystal field in stabilizing the rod-type orbital order. the double exchange prevents electronic hopping between the zigzag chains, owing to the antiferromagnetic order between the neighboring chains, the essential physics may be described by considering the Hamiltonian for a single zigzag chain of Mn e g orbitals. We consider the Hamiltonian
where the various terms are, respectively, the kinetic energy, the JT interaction, a noncubic crystal field arising out of second and higher neighbor interactions, the isotropic elastic energy term 1/2KQ 2 , an anisotropic elastic energy term characterized by λ that shifts the equilibrium away from the origin (in this case to a nonzero Q 3 ), and finally an on-site Coulomb interaction between the electrons. The anisotropic elastic energy term takes care of the fact that the out-of-plane oxygens are connected to a different type of ion (La/Sr) unlike the in-plane oxygens that interlink Mn, which leads to an elongation of out-of-plane Mn-O bond length (λ > 0). All these terms are standard in the literature except that we have introduced the noncubic crystal field term H NC following the work of Sboychakov and co-workers, 12 and the anisotropic elastic energy term, both arising from the fact that the planar ab directions are significantly different from the c direction. This leads to the splitting of e g bands even in the absence of any JT distortions and justifies adding a tetragonal component to the cubic crystal field, both to the orbital energy as well as to the elastic energy term.
The kinetic energy term in the Hamiltonian is given by
where c † iασ creates an e g electron at site i, with spin σ and orbital index α. The t 2g core spins S are considered classical and in the limit of strong Hund's coupling J H = ∞, which we have used here, we cannot only ignore the electron hopping between neighboring antiferromagnetic chains, but also just one spin state, the one parallel to the t 2g core spins S, is relevant for modeling the e g electrons on the ferromagnetic zigzag chain. In the basis |z 2 − 1 and |x 2 − y 2 , the hopping integral V has the form for NN interactions
where the minus (plus) sign corresponds to the hopping in the x(y) direction. The JT coupling at each site is given by [19] [20] [21] [22] 
where only the linear JT coupling term has been included, the quadratic coupling term −G[(Q 
where the prime on the summation excludes the selfinteraction α = β and as we have mentioned earlier only one spin state σ parallel to the t 2g spins of the ferromagnetic zigzag chain needs be considered. The noncubic crystal field has the form H NC = τ z , which splits the two e g states further beyond the JT splitting term. We have estimated the strength of this field from our DFT calculations. In the undistorted structure structure with volume V 0 , all in-plane Mn-O distances are equal, d L = d S = 1.98Å, while the out-of-plane Mn-O bond lengths are already elongated to d O = 2.04Å due to the asymmetry in bonding. This corresponds to a Q 3 = 0.12Å and zero in-plane JT distortion Q 2 = 0. Ignoring the hopping between the orbitals, this splitting is caused by the JT distortions and the crystal field parameter through the on-site part of the Hamiltonian, which for Q 2 = 0 becomes E = (−gQ 3 + )τ z . In the DFT results, the |x 2 − y 2 state at the A-site Mn ions is split below |z 2 − 1 by the amount δE = 0.6 eV. With Q 3 = 0.12Å and taking the typical range for g = 1.5-2.0 eV/Å, 20 we find that = 0.48-0.54 eV. It is difficult to isolate the anisotropic elastic energy parameter λ from the DFT calculations. The estimated value is λ ∼ 1 eV, which we have obtained by comparing the total energies between the model Hamiltonian and the DFT results.
We solve the model Hamiltonian Eq. (1) by exact diagonalization on a finite-size chain. In this method the ground state is expanded in terms of the many-particle configurations |i : |G = α i |i , and the resulting Hamiltonian matrix is diagonalized using the Lanczos method. We considered a 12-site zigzag chain of Mn atoms with periodic boundary conditions. A second method is to solve the Hamiltonian for the infinite chain by obtaining the tight-binding band structure, but in this case some mean-field approximation such as the Hartree approximation (H U ≈ U kαβ n kα n kβ + n kα n kβ − n kα n kβ ) must be made for the interaction term.
Our analysis shows that the kinetic energy involving electron hopping along the ferromagnetic chain is an important factor for the rod-type orbital ordering. This can be easily seen by solving the band structure for the Hamiltonian H ke [Eq. (2)], which yields the eigenvalues ± 1 2 8t 2 + 4t 2 cos k x a (where k x is the Bloch momentum along the chain) and the corresponding eigenvectors consist of predominantly rod-type orbitals at the Mn 3+ site. 18 Summing over the occupied states, we find that the orbital occupancy of the rod-type orbital (x 2 − 1) is as much as 75%, while the remaining 25% is occupied by the other e g orbital, viz., y 2 − z 2 , indicating the preference for the rod-type order by the kinetic energy term.
The JT interaction can affect the above orbital order by preferring one orbital over the other by modifying the on-site orbital energies. This is illustrated by calculating the orbital occupancies as a function of the JT distortion type, parametrized by the angle θ (Q 2 = Q sin θ and Q 3 = Q cos θ ), which can be calculated from either the exact diagonalization or the tight-binding method. The results obtained from these methods are similar and we have shown the results from the former 2 merely adds a constant shift to the energy. method in Fig. 8 . In the figure we have shown the occupancies of the rod-type and the cross-type orbitals as a function of the JT distortion angle. The top figure shows that the rod-type order is generally favored, but for some values of θ , the cross-type order is favored. The minimum energy structure has nevertheless the rod-type order. The bottom figure, where we have added a noncubic crystal field ( = 0.5 eV), indicates that the rod-type ordering is considerably stabilized by the noncubic crystal field. Notice the similarity of these results with those obtained from the density functional calculations shown earlier in Fig. 7 .
In order to illustrate the relative unimportance of the Coulomb interaction effects on the charge and orbital ordering, we have carried out the exact diagonalization calculations with U = 0 and 5 eV. The Coulomb effects are not expected to be very important because the relevant e g bands are only quarter filled (only half electron per Mn site to fill the two majority-spin e g orbitals). The results are shown in Fig. 9 , where we have defined the charge order parameter as n ≡ n A − n B , A and B being the bridge-site and the corner-site Mn atoms, and the orbital order parameters as η A ≡ n A1 − n A2 and η B ≡ n B1 − n B2 , with |A1 = x 2 − 1 and |A2 = y 2 − z 2 , and similarly for the B atoms. The figure confirms the charge disproportionation similar to Mn 3+ and Mn 4+ as well as the rod-type order at the A site and additionally the relative unimportance of the Coulomb interaction term, all as anticipated.
In order to study the energy landscape in the Q 2 -Q 3 plane, we have computed the total energy by calculating the tightbinding band structure for the infinite zigzag chain from the Hamiltonian Eq. (1). The results are shown as a contour plot in Fig. 10 for typical values for the parameters. The previously reported values 5, 7, 11 of the JT distortion are also indicated in the figure. Following the convention mentioned previously, the minimum on the positive Q 2 axis at (0.2,0.06)Å corresponds to Fig. 2(a) or type 1 distortion. The type 1 structure is considerably lower in energy than the type 2 structure, by about 0.43 eV, which strongly suggests the type 1 JT distortion to be the preferred ground state, consistent with the DFT results discussed in the previous section.
From the tight-binding wave functions, the nature of the orbital ordering can be studied by summing the orbital components of the wave functions over the occupied part of the Brillouin zone. The e g wave function at any k point can be written as the linear combination | k = cos θ k |z 2 − 1 + sin θ k |x 2 − y 2 , so that the rod-type orbital |x 2 − 1 corresponds to θ k = 120
• , while the cross-type orbital |x 2 − z 2 corresponds to θ k = 150
• . Figure 11 show the histogram of the θ k for the minimum-energy structures with the same parameters as in Fig. 10 for two values of the noncubic crystal field . For = 0.5 eV, the histogram indicates that the values of θ k are bunched around θ k = 120
• , indicating a clear rodlike orbital order, while in the absence of a crystal field ( = 0), the values of θ k lie in the region of θ ∼ 130
• -135
• , which is in between the rodlike and the crosslike orbital order, but more like the former. The results again show that the rodlike orbital order is further strengthened by the noncubic crystal field.
IV. CONCLUSION
In conclusion, we have studied the orbital ordering and the Jahn-Teller distortion in La 0.5 Sr 1.5 MnO 4 from densityfunctional studies and evaluated the origin of this ordering from model studies using exact diagonalization and tightbinding band structure methods. The density-functional calculations including a global minimization of the structural parameters show a type 1 JT distortion and a rod-type orbital ordering. The shear-type JT distortion was correctly concluded from the x-ray measurements in Ref. 3 , but is different from the distortions suggested from the other experiments. 4, 5 The rod-type orbital order is in agreement with the x-ray scattering measurements as well as an earlier theoretical study, but is different from the cross-type order suggested in Refs. 8 and 9. Exact diagonalization and tight-binding model studies allowed us to examine the interplay between the various energy terms and revealed the reason for the particular orbital order. It was shown that the electronic hopping along the zigzag chain is an important factor in determining the orbital order, while a noncubic crystal field, of the type proposed earlier by Sboychakov et al., 12 further strengthens the occupation of the rod-type orbital. The type 1 JT distortion was found to be the minimum-energy structure, with elongated Mn-O bond lengths along the zigzag chain and compressed bond lengths perpendicular to it, which is just what would be expected for the isolated MnO 6 octahedron. Our work provides important insights into the effects of the various competing terms in determining the cooperative Jahn-Teller and orbital ordering in the crystalline environment, where terms such as electronic hopping, noncubic crystal fields, electron correlations, and anisotropic elastic energy, all could play important roles.
